We investigate the global existence and uniqueness of solutions for some classes of partial hyperbolic differential equations involving the Caputo fractional derivative with finite and infinite delays. The existence results are obtained by applying some suitable fixed point theorems.
Introduction
In this paper, we provide sufficient conditions for the global existence and uniqueness of some classes of fractional order partial hyperbolic differential equations. As a first problem, we discuss the global existence and uniqueness of solutions for an initial value problem IVP for short of a system of fractional order partial differential equations given by is the Caputo's fractional derivative of order r r 1 , r 2 ∈ 0, 1 × 0, 1 , f : J × C → R n , is a given function ϕ : 0, ∞ → R n , ψ : 0, ∞ → R n are given absolutely continuous functions 2
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with ϕ x φ x, 0 , ψ y φ 0, y for each x, y ∈ 0, ∞ , and C : C −α, 0 × −β, 0 , R n is the space of continuous functions on −α, 0 × −β, 0 .
If u ∈ C −α, ∞ × −β, ∞ , R n , then for any x, y ∈ J define u x,y by u x,y s, t u x s, y t , for s, t ∈ −α, 0 × −β, 0 .
1.4
Next we consider the following initial value problem for partial neutral functional differential equations with finite delay of the form where ϕ, ψ are as in problem 1.1 -1.3 and J R 2 \ 0, ∞ × 0, ∞ , f : J × B → R n , φ ∈ C J , R n , and B is called a phase space that will be specified in Section 4. We denote by u x,y the element of B defined by u x,y s, t u x s, y t ; s, t ∈ −∞, 0 × −∞, 0 .
1.11
Finally we consider the following initial value problem for partial neutral functional differential equations with infinite delay
where f, φ, ϕ, ψ are as in problem 1.8 -1.10 and g : J × B → R n is a given continuous function.
In this paper, we present global existence and uniqueness results for the above-cited problems. We make use of the nonlinear alternative of Leray-Schauder type for contraction maps on Fréchet spaces.
The problem of existence of solutions of Cauchy-type problems for ordinary differential equations of fractional order without delay in spaces of integrable functions was Advances in Difference Equations 3 studied in numerous works see 1, 2 , a similar problem in spaces of continuous functions was studied in 3 . We can find numerous applications of differential equations of fractional order in viscoelasticity, electrochemistry, control, porous media, electromagnetic, theory of neolithic transition, and so forth, see 4-11 . There has been a significant development in ordinary and partial fractional differential equations in recent years; see the monographs of Kilbas et 
Preliminaries
In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper. Let p ∈ N and J 0 : 0, p × 0, p . Let C J 0 , R n be the Banach space of all continuous functions from J 0 into R n with the norm
where · denotes a suitable complete norm on R n . As usual, by AC J 0 , R n we denote the space of absolutely continuous functions from J 0 into R n and L 1 J 0 , R n is the space of Lebegue-integrable functions w : J 0 → R n with the norm 
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Let X be a Fréchet space with a family of seminorms { · n } n∈N . We assume that the family of seminorms { · n } verifies:
2.4
Let Y ⊂ X, we say that Y is bounded if for every n ∈ N, there exists M n > 0 such that
To X we associate a sequence of Banach spaces { X n , · n } as follows. For every n ∈ N, we consider the equivalence relation ∼ n defined by: x∼ n y if and only if x − y n 0 for x, y ∈ X. We denote X n X| ∼ n , · n the quotient space, the completion of X n with respect to · n . To every Y ⊂ X, we associate a sequence {Y n } of subsets Y n ⊂ X n as follows. For every x ∈ X, we denote x n the equivalence class of x of subset X n and we defined
n and ∂ n Y n , respectively, the closure, the interior and the boundary of Y n with respect to · n in X n . For more information about this subject see 45 .
Definition 2.2. Let X be a Fréchet space. A function N : X → X is said to be a contraction if for each n ∈ N there exists k n ∈ 0, 1 such that b there exists λ ∈ 0, 1 , n ∈ N and u ∈ ∂ n Y n such that u − λN u n 0.
In the sequel we will make use of the following generalization of Gronwall's lemma for two independent variables and singular kernel. 
for every x, y ∈ J 0 . Let h ∈ L 1 J 0 , R n and consider the following problem
For the existence of global solutions for the problem 1.1 -1.3 , we need the following known lemma. For each p ∈ N, we consider following set:
and we define in C 0 the seminorms by
Then C 0 is a Fréchet space with the family of seminorms { u p }.
Further, we present conditions for the existence and uniqueness of a global solution of problem 1.1 -1.3 .
Theorem 3.4. Assume that
where
then, there exists a unique solution for
Proof. Transform the problem 1.1 -1.3 into a fixed point problem. Consider the operator
3.11
Clearly, from Lemma 3.3, the fixed points of N are solutions of 1.1 -1.3 . Let u be a possible solution of the problem u λN u for some 0 < λ < 1. This implies that for each x, y ∈ J 0 , we have 
3.16
If x * , y * ∈ J, then τ x, y φ C and the previous inequality holds. By 3.16 we obtain that
3.17
and Lemma 2.4 implies that there exists a constant k k r 1 , r 2 such that
Then from 3.16 , we have
We will show that N : U → C p is a contraction map. Indeed, consider v, w ∈ U. Then for each x, y ∈ 0, p , we have
s, t, v s,t − f s, t, w s,t dt ds
≤ 1 Γ r 1 Γ r 2 x 0 y 0 x − s r 1 −1 y − t r 2 −1 l p,q s, t v s,t − w s,t C dt ds ≤ l * p p r 1 r 2 Γ r 1 1 Γ r 2 1 v − w p .
3.22
Thus,
Hence by 3.9 , N : U → C p is a contraction. By our choice of U, there is no u ∈ ∂ n U n such that u λN u , for λ ∈ 0, 1 . As a consequence of Theorem 2.3, we deduce that N has a unique fixed point u in U which is a solution to problem 1.1 -1.3 . Now we present a global existence and uniqueness result for the problem 1.5 -1.7 . 
3.30
Now, let u x, y satisfy 3.25 . It is clear that u x, y satisfies 3.24 .
As a consequence of Lemma 3.6 we have the following result. 
3.31
for all x, y ∈ J 0 and the condition 1.6 on J. Proof. Transform the problem 1.5 -1.7 into a fixed point problem. Consider the operator N 1 : C 0 → C 0 defined by,
3.34
From Lemma 3.7, the fixed points of N 1 are solutions to problem 1.5 -1.7 . In order to use the nonlinear alternative, we will obtain a priori estimates for the solutions of the integral equation
for some λ ∈ 0, 1 . Then, using H1 -H3 and 3.16 we get for each x, y ∈ J 0 ,
then, we obtain
3.37
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Replacing 3.37 in the definition of τ x, y we get 
3.39
Then, from 3.37 and 3.39 , we get
3.40
Since for every x, y ∈ J 0 , u x,y C ≤ τ x, y , we have
Clearly, U 1 is a closed subset of C 0 . As in Theorem 3.4, we can show that N 1 : U 1 → C 0 is a contraction operator. Indeed
for each v, w ∈ U 1 and x, y ∈ J 0 . From the choice of U 1 , there is no u ∈ ∂ n U n 1 such that u λN 1 u , for some λ ∈ 0, 1 . As a consequence of Theorem 2.3, we deduce that N 1 has a unique fixed point u in U 1 which is a solution to problem 1.5 -1.7 .
The Phase Space B
The notation of the phase space B plays an important role in the study of both qualitative and quantitative theory for functional differential equations. A usual choice is a seminormed space satisfying suitable axioms, which was introduced by Hale and Kato see 47 . For further applications see, for instance, the books 48-50 and their references.
Inspired by 47 , Człapiński 40 introduced the following construction of the phase space. For any x, y ∈ J 0 denote E x,y : 0, x ×{0}∪{0}× 0, y , furthermore in case x y p we write simply E. Consider the space B, ·, · B is a seminormed linear space of functions mapping −∞, 0 × −∞, 0 into R n , and satisfying the following fundamental axioms which were adapted from those introduced by Hale and Kato for ordinary differential functional equations. 
Global Result for Infinite Delay
In this section we present a global existence and uniqueness result for the problems 1.8 -1.10 and 1.12 -1.14 . Let us define the space
xy exists and is integrable on J is said to be a global solutionis of 1.8 -1.10 if u satisfies equations 1.8 and 1.10 on J and the condition 1.9 on J .
For each p ∈ N, we consider following set,
and we define in 
5.4
Then, C 0 is a Fréchet space with the family of seminorms { u p }. Proof. Transform the problem 1.8 -1.10 into a fixed point problem. Consider the operator
5.8
Let v ·, · : R 2 → R n be a function defined by 
5.9
Then, v x,y φ for all x, y ∈ E 0 . For each w ∈ C J, R n with w x, y 0; for all x, y ∈ E 0 , we denote by w the function defined by 
5.13
Obviously, the operator N has a fixed point is equivalent to P having a fixed point, and so we turn to prove that P has a fixed point. We will use the alternative to prove that P has a fixed point. Let w be a possible solution of the problem w P w for some 0 < λ < 
